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1 Introduction 

If A is a bialgebra over a field k, a left-right Yetter-Drinfel'd module over A is 
a fc-linear space M which is a left A-module, a right A-comodule and such that 
a certain compatibility condition between these two structures holds. Yetter- 
Drinfel'd modules were introduced by D. Yetter in |TS[ under the name of 



"crossed bimodules" (they are called "quantum Yang-Baxter modules" in |J; 
the present name is taken from PH|). If A is a finite dimensional Hopf algebra 
then the category of left-right Yetter-Drinfel'd modules is equivalent to the 
category of left modules over D(A), the Drinfel'd double of A (see ||, 0), 
even as braided tensor categories, and also to the category of Hopf bimodules 
over A (see 0, [0, [|l!|, [0). An important class of examples occurs as 



follows: if M is a finite dimensional vector space and R £ End(M <g> M) is 
a solution to the quantum Yang-Baxter equation, then the so-called "FRT 
construction" (see for instance M) associates to R a certain bialgebra A(R), 
and M becomes a left-right Yetter-Drinfel'd module over A(R) (see ||, ||). 

In this paper we introduce a cohomology theory for left-right Yetter-Drinfel'd 
modules. If A is a bialgebra and M, N are left-right Yetter-Drinfel'd modules 
over A, we construct a double complex {Y n ' p (M, N)} whose total cohomology 
is the desired cohomology H*(M, N). For M = N = k, this cohomology 
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is just the Gerstenhaber-Schack cohomology of the bialgebra A. In general, 
we prove that H°(M,N) is Hom(M, N) in the category of Yetter-Drinfel'd 
modules, and H (M, N) is isomorphic to the group Ext 1 {M, N) of extensions 
of M by N in the category of Yetter-Drinfel'd modules; in particular, if A is a 
finite dimensional Hopf algebra, this implies that H (M, N) ~ Ext]j^(M, N), 
where D(A) is the Drinfel'd double of A, and we raise the problem whether 
H n (M, N) ~ Ext n D{A) (M, N) for any n > 2. 

Similarly, we construct a cohomology theory H*(M, N) for M, N being this 
time left-right Hopf modules over a bialgebra A, as the total cohomology 
of a certain double complex {C n,p (M, N)}. We prove that this cohomology 
vanishes if M and N are of the form M = V ® A and N = W ® A for some 
linear spaces V, W (in particular, this cohomology vanishes if the bialgebra 
A has a skew antipode, since in this case any left-right Hopf module over A 
is of this form). Finally, motivated by the recent work [T5[] of R. Taillefer, 
we consider the case when M and N are not only left-right Hopf modules, 
but even Hopf bimodules, and we construct a subbicomplex {T n,p (M, N)} of 
the above {C n ' p (M, N)}, yielding a cohomology theory for Hopf bimodules, 
similar to the one introduced in [15|. It is likely that these two cohomologies 
are isomorphic, at least when A is a finite dimensional Hopf algebra. 

Let us finally mention that our cohomology theories classify deformations 
of the corresponding structures, in the sense of Gerstenhaber's deformation 
theory (see f3j). 

Throughout, k will be a fixed field and all linear spaces, algebras etc. will be 
over k. Unadorned ® and Horn are also over k. If V is a fc-linear space and n 
is a natural number, we denote V® n by V n . For bialgebras and Hopf algebras 
we refer to 0, [|13j; we shall use Sweedler's sigma notation A(a) = J2 a i ® «2, 
^2(0) = J2 a i ® a 2 <8> a 3 etc. 



2 Cohomology for Yetter-Drinfel'd modules 

Let A be a bialgebra with multiplication fi and comultiplication A and 
(M,ujm, Pm) a left-right Yetter-Drinfel'd module over A, that is (M,Um) is 
a left A- module (we denote by ® to) = a-m the left A-module structure 
of M), (M,pm) is a right A-comodule (we denote by pu '■ M — > M (g) A, 
Pm(to) = J2 m o ® the co module structure of M), and the following com- 
patibility condition holds: 

XX° 2 ' m )o ® ( fl2 ' m )i fl i = X! a i ' m o ® a 2 m 1 (1) 

for all a 6 i,m 6 M. Let also (N, u^, p^) be another left-right Yetter- 
Drinfel'd module, with the same kind of notation. 
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For any natural numbers n,p > 0, we denote 

Y n ' p (M, N) = Hom(A n ®M,N® A p ) 
If / E Y n ' p (M, N),a\ a 2 , a n e A, m e M, we shall denote 

/(a 1 (g) ... <g) a n <g) m) = ^ /(a 1 ® ... <g> a" <g) m)°<g> 

(^/(a 1 (g) ... <g> a n <g> m) 1 <g> ... ® /(a 1 <g> . . . <g> a n <g> m) p 

For any n,p > and for any % = 0, 1, ...,ra + 1, define : F n,p (M, AT) -> 
Y n+1 'P(M,N), by: 

• ® - ® a n+1 ® m) = E<y)i • /(a 2 <g> ... <g> a n+1 <g> m)°® 
®(a 1 ) 2 /(a 2 <g> ... <g> a" +1 ® m) 1 <g> ... <g> (a 1 ) p+1 /(a 2 <g> ... <g> a™ +1 <g> m) p 

• 6"' p (/)(a 1 <g> ... <g> a n+1 <g> m) = /(a 1 <g> ... <g> aV +1 <g> ... <g> a n+1 <g> m) 
for all 1 < % < n 

• KfiUKa 1 ® ••• <8> a" +1 <g> m) = E /(a 1 <g> ... <g> a n <g> (a" +1 ) P+ i • 

Define now 

n+1 

C P : F n ' p (M, N) -> F n+1 ' P (M, AT), ^ P = E("W P 

i=0 

Then one can prove, case by case, that for any 0<i<j<n + 2 the 
following relation holds: 

b n+l, P o b n,p = b n+l,p Q & n,p 

and using this relation it follows that 
for all n, p > 0. 

Now, for any n,p > and for any i = 0, 1, ...,p+l, define c"' p : y ri ' p (M, AT) — > 
F n ' p+1 (M,A^), by: 

• c^' p (/)(a 1 <g> ... <g> a" <g> m) = E(/((a 1 ) 2 ® - <S> (a n ) 2 <g> m)°) ® 

®(/((a 1 ) 2 <g> ... ® (a n ) 2 ® m)°) 1 (a 1 ) 1 ...(a") 1 ® 
®/((a 1 ) 2 ® ... ® (a n ) 2 ® m) 1 ® ... ® /((a 1 ) 2 ® ... ® (a n ) 2 ® m) p 
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• c™' p (f)(a}® ...®a n ®m) = £ /(a 1 <g> ... <g> a n <g> m)° <g> /(a 1 <g> ... <g> a n <g> m) 1 ® 

<g>... <g> (/(a 1 <g> ... <g> a n <g> m)^! <g> (/(a 1 ® ... <g> a n <g> m) i ) 2 <g> ...(g) 
©/(a 1 <g> ... <g>a n <g>m) p 

for all 1 < i < p 

• Cpf 1 (/)(a 1 <g> ... <g> a n <g> m) = £ /((a 1 )! ® ... ® (a n )i ® m ) <g> (a 1 ) 2 ...(a n ) 2 mi 

Define 

p+i 

i=0 

Then one can prove, case by case, that for any < i < j < p+2 the following 
relation holds: 

n,p+l n,p n,p+l n.p 

o Ci ' p = Ci' p o Cj -5i 
and from this relation it follows that 

d n,p+l Q d n,p = q 

for all n, p > 0. 

Also, one can prove, case by case, that for any < i < n + 1 and < j < 
p+ 1, the following relation holds: 

n+l,p i,n,p rti,»+l n.p 
c j ° bi — Oj O Cj 

Note that for the cases j=p+l,i = n+ l and j = 0, i = one has to use 
the Yetter-Drinfel'd module condition (1), and these are the only two places 
where this condition is used. 
Using this relation, it follows immediately that 

d n c +1 ' p o C P = C P+1 ° <%* 

for all n,p > 0. 

In conclusion, (Y n ' p (M, N), d%f, d'^' p ) is a double complex. We shall denote 
by H n (M,N), for n > 0, the cohomology of the total complex associated to 
this double complex. 

It is easy to see that H°(M,N) is the set of morphisms from M to N 
in the category of Yetter-Drinfel'd modules. Also, it is easy to see that 
H\M,N) = Z 1 (M,N)/B 1 (M,N), where Z\M,N) is the set of all pairs 
<y , ff) e Hom(A <g> M, AO © Hom(M, N <g> A) that satisfy the relations: 

• uj' o (i<i u M ) + c^iv ° (id <S> OJ 1 ) = uj' o (// ® icZ) 
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• (p 1 <g> id) o p M + (p N <g) id) o p' = (id <g> A) o p' 

• (Lu'®p)o(id®T M ®id)o(A®p M ) + (ooN®^) (id®T N ®id)o(A®p') = (id® 
p) o (p' ®id)or M o{id®ujM)° (A® id) + (id©p) o(p N ®id)or N o (id©c/) o (A ©id) 

where r^/ : A © M — ► M © A, Tw(a © to) = m © a (and similarly for tjv), 
and B 1 (M,N) is the set of all pairs (d m (f),d c (f)) G Hom(A <g> M,N) © 
Hom(M, Nig) A), with / G Hom(M, N), and 

• d m {f) = u N o (id ® f) - fouj M 

• d c (/) = Pn ° f - (f ® id) o p M 

Now, the category of Yetter-Drinfel'd modules is abelian, so we can con- 
sider the abelian group E'xt 1 (M, AT) , which is the set of equivalence classes of 
extensions of M by iV in the category of Yetter-Drinfel'd modules, the group 
law being the Baer sum (see |16| , pp. 78-79). 

If (to', p') G Hom(A ®M,N)® Hom(M, N®A), denote by N © (w >o M the 
fc-linear space A" © M, endowed with a left multiplication and a right comul- 
tiplication, as follows: 

• a ■ (n,m) = (a ■ n + uj'(a © to), a ■ to) 

• A : N © M -> (N © M) © A ~ (N © A) © (M © A) 

A((n, m)) = pAr(n) + p'(m) + pm(to) 

Then one can check, by a direct computation, that A" ®( u ',f/) M with these 
structures is a left-right Yetter-Drinfel'd module if and only if the pair (a/, p') 
belongs to Z 1 (M,N). Moreover, the sequence 

-f JV -f JV © (wV) M M -»■ 

is an extension of M by A" in the category of Yetter-Drinfel'd modules, and any 
extension of M by A" is equivalent to one of this form. If (u/, p'), (u",p") G 
Z l (M,N), then one can also check that the two extensions determined by 
these pairs are equivalent if and only if (u>',p') — (u" , p") G B 1 (M,N). So, we 
have a bijection 

H\M,N) ~ Ext 1 (M,N) 

and one can prove that this is actually a group isomorphism. In conclusion, 
we have the following 

Proposition 1 The groups H 1 (M,N) and Ext 1 (M, N) are isomorphic. 

In particular, if A is a finite dimensional Hopf algebra, it is well-known that 
the category of left-right Yetter-Drinfel'd modules over A is isomorphic to the 
category of left modules over the Drinfel'd double of A (see ||, [§]), so in this 
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case we have a group isomorphism H 1 (M, N) ~ Ext l D , A \(M, N). It is natural 
to ask the following 

Question: Is it true that H n (M, N) ~ Ext n D{A] (M, N) for any n > 2? 



Example 2 Let M = N = k with trivial Yetter-Drinfel'd module structure 
over the bialgebra A. In this case the double complex (Y n,p (M, N), d%f, d™ ,p ) 
becomes: 

• Y n 'P(k, k) = Hom(A n , A p ) for all n, p > 

• &o' P (/)(a 1 ® ... ® a n+1 ) = a 1 • /(a 2 <g> ... ® a n+1 ) 

• b^ p {f){a} ® ••• ® = /(a 1 ® ••• ® a l a m ® ••• ® a n+1 ) 
for all 1 < i < n 

• K+Mia 1 ® - ® a n+1 ) = /(a 1 ® - ® a") • a n+1 

where the dots represent the canonical (diagonal) left and right A-module 
structures on A v 

• c"' p (/)(a 1 <g> ... ® a") = E(a 1 )i».(a n )i ® /((a 1 ) 2 ® ... ® (a n ) 2 ) 

• c"' p (/)(a 1 ® ... ® a n ) = (id (8) id® ... ® A ® id® ... <g> id)(f(a 1 <g> ... ® a n )) 
for all 1 < i < p, where A is applied on the i th position 

• ^(/Xa 1 <g> ... ® a") = E /((a 1 )! ® - ® (a n )i) ® (a 1 ) 2 -..(a") 2 

and this is the double complex that gives the Gerstenhaber-Schack cohomology 
H£(A, A) of the bialgebra A (see [|, §). 



Remark 3 A positive answer to the above question would imply that for a 
finite dimensional Hopf algebra A we have H£(A, A) ~ Ext* D , A ^(k, k), and this 
would give another proof for the vanishing of the "hat" Gerstenhaber-Schack 
cohomology of a semisimple cosemisimple Hopf algebra (let us note that the 
original proof in WM uses also the Drinfel'd double of A). 



Remark 4 If A is finite dimensional and the field k is algebraically closed, 
there exists a geometric interpretation of H l (M, M) for any finite dimensional 
Yetter-Drinfel'd module M (actually, it is this geometric approach who sugges- 
ted how to define H 1 (M,M)), similar to the one for the "hat" Gerstenhaber- 
Schack cohomology given in |T^], that we shall now briefly describe (the proofs 



are similar to the ones in |14[). Let M be a finite dimensional fc-linear space, 
consider the affine algebraic variety A= Hom(A ® M, M) x Hom(M, M <g> A), 
and define yV(M) to be the set of all pairs (u, p) G A such that (M, u>, p) is a 
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left-right Yetter-Drinfel'd module over A. Since the Yetter-Drinfel'd conditions 
are polynomial, yT>(M) is a subvariety of A. Then, if we take a Yetter- 
Drinfel'd module (M,iv,p) (that is, a point (ou,p) G yV(M)), one can prove 
that the tangent space T( UjP )(yD(M)) is contained in Z 1 (M,M). 

Now, the algebraic group G = GL(M) acts on yV(M) by transport of 
structures, that is g • (cu,p) = (u 9 ,p 9 ), where oj 9 = g o uj o (id a <S> g' 1 ) and 
p 9 = (<? <S> id a) o p o (and obviously there is a bijection between orbits and 
isomorphism classes of Yetter-Drinfel'd module structures on M). If we fix 
(uj,p) G yV(M) and we denote by Orb^^p) the closure of the orbit through 
(uj,p), then one can prove that B 1 (M,M) is contained in the tangent space 
T( u ,p)(Orb (u , p) ). 

3 Cohomology for Hopf modules 

Let A be a bialgebra with multiplication p and comultiplication A and 
(M,um, Pm) a left-right Hopf module over A, that is (M,um) is a left A- 
module (with notation um(cl ® to) = a ■ to), (M,p M ) is a right A-comodule 
(with notation pu '■ M — > M (g) A, puijn) = J2 m o <8> rai) and the following 
compatibility condition holds: 

J^(a ■ to) <8> (a • to)i = a x • to <8> a 2 m 1 (2) 

for all a G A, to G M. Let (N,un, Pn) be another left-right Hopf module over 
A. We denote by C n ' p (M, N) = Hom(A n ®M, N®A P ) and for / G C n ' p (M, N) 
we use the same notation as in the previous section for /(a 1 <g> ... <g> a n <g> to). 
For any i = 0, 1, n + 1, define 6™' p : C n > p (M, N) -> C n+1 ' P (M, iV), by: 

• ft^/Xti 1 <g) ... <g> a n+1 <g> to) = E(a 1 )i • /(a 2 <g> ... <g> a n+1 <g> to) ® 

®(a 1 ) 2 /(a 2 <g> ... <S> a n+1 <g> m) 1 <g> ... <g> (a 1 ) p+ i/(a 2 ® ... <g> a n+1 <g> mf 

• 6™' p (/)(a 1 <g> ... <g> a n+1 <g> to) = /(a 1 <g> ... <g> aV +1 <g> ... <g> a n+1 <g> to) 
for all 1 < i < n 

• &H+i(/)( al ® ••• ® a n+1 <g> to) = /(a 1 <g> ... <g> a n <g> a n+1 • to) 

For any i = 0, 1, + 1, define c"' p : C n ' p (M, TV) -> C n > p+1 (M, N), by: 

• Co' p (/)(a 1 (g)...(g)a n (g)m) = J2(f(a 1 ®---®a n ®rn)%®(f(a 1 ®...®a n ®rn) ) 1 ® 

(^/(a 1 (g) ... ® a n <S> m) 1 ® ... <g) /(a 1 ® ... <g> a™ <8> to) p 

• c"' p (/)(a 1 (g)...(g)a n (g)TO) = E/(a 1 (S>...®a n OTO)°(g)/(a 1 (g)...(g)a n (g)TO) 1 (g) 
®. . . ® (/(a 1 <g> . . . ® a n <g> m)* ) i <g) (/ (a 1 ® . . . <g> a n <g> mf) 2 <S> ■ ■ ■ ® / (a 1 <8> . . . <8> a n <g> to) p 
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for all 1 < i < p 

• c n p f 1 (f)(a 1 ®...®a n ®m) = f((a 1 ) 1 ®...®(a n ) 1 ®m )®(a 1 ) 2 (a 2 ) 2 ...(a n ) 2 m 1 

Then one can prove, as in the previous section, that (C n ' p (M, N), d%f, d^ p ) 
is a double complex, where d^f and d"' p are defined by the same formulae 
as in the previous section. We shall denote by H n (M, N), for n > 0, the 
cohomology of the total complex associated to this double complex. 

It is easy to see that H°(M,N) is the set of morphisms from M to iV in 
the category of left-right Hopf modules over A. Also, it is easy to see that 
H\M,N) = Z 1 (M,N)/B 1 (M,N), where Z 1 (M,N) is the set of all pairs 
(u', p') E Hom(A ® M, N) © Hom(M, N <g> A) that satisfy the relations: 

• to' o (id ® wm) + ujjy ° (id <E> oo') = u/ o (p ® id) 

• (p' ® id) o p M + (pjv ® id) op' = (id ® A) o p' 

• (a;' <g) p) o (id ®r M ® id) o (A ® p M ) + (c^at <g) //) o (id <g> rjy <E> id) o (A <g> p') = 
p' O UO M + pjv o J 

where Tm '■ A <g> M —> M ® A, r M (a <g> m) = m <g> a (and similarly for rjv), 
and B\M,N) is the set of all pairs (d rn (f), d c (f)) £ Hom(A ® M,N) © 
Hom(M, N®A), with / G Hom(M, N) and 

• gL(/) = u n o (id® f) - f ou) M 

• d c (f) = p N o / - (/ ® id) o p M 

As in the previous section, one can prove that H l (M,N) is isomorphic to 
the group Sxt 1 (M, N) of extensions of M by N in the category of left-right 
Hopf modules. 

Let A be a bialgebra and V a /c-linear space. Then M = V ® A becomes a 
left-right Hopf module over A, with module structure a • (v ®b) = v <g> a& for 
all a,i) 6 A,!) 6 V, and with comodule structure p: V^A^VCSiAtgjA, 
p(i> <8> a) = X) f ® ai <8> 02- Let also W be a /c-linear space and consider the 
left-right Hopf module N = W ® A. One can check that in this case all the 
rows and the columns of the double complex corresponding to M and are 
acyclic. Indeed, if g e Ker(d 1 ^ 1 ' p ), then g = d^ p (f), where / : A n ® V <g> A -> 
<g> A <g> A p , 

/(a 1 <g> ... ® a n (g) v <g) a) = (-l) n+1 g'(a 1 <g> ... <g> a n <g> a ® u <g> 1) 

and if 5 e Ker(d'^ p+1 ), then 5 = d™' p (/), where f : A n ®V ® A ^ W ® A® A p , 

f(a l ® ... ® a n ® v ® a) = (id w ®e® id p / 1 )(g(a 1 ® . . . <g> a n ® d ® a)) 

Since the rows of the double complex {C n,p (M, N)} are acyclic, if we consider 
the double complex {D n ' p } obtained by adding to {C n,p (M, N)} one more 
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column consisting of {Ker(d^f)} for all p > 0, then by the "Acyclic Assembly 
p. 59) the total complex associated to {D n ' p } is acyclic. 
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Lemma" (see 

Then, a long exact sequence argument shows that the total cohomology of 
{C n,p (M, N)} may be computed as the cohomology of the added column, that 
is 



H p+l (V <g> A, W <g> A) = Ker(d° m p+1 ) n Ker(d° c ' p+1 )/d° c > p (Ker(d° m p )) 



Proposition 5 H P+1 (V ® A,W ® A) = for allp>0. 

Proof: Let g G Ker(d°J +1 ) n Ker(d°' p+1 ). Since 5 G Ker(d°' p+1 ), there exists 
/ G C°*(V®A,W®A) such that d° c > p (f) = g, namely / = (id w ®£®it^ +1 )o#- 
It will be enough to prove that / G Ker(d^ p ). Since g G i^er(<i^ p+1 ), it follows 
that 

g (v ®ab) =J2 9w(v ® 6) ® cn#(f ® 6)° ® a 2 ^(v ® 6) 1 ® ... ® a p+2 g(v ® 6) p+1 
for all a, 6 G A and u G V", where we denoted 

g(v®b) =^2g w (v ® 6) ® flf(v <8> 6)° ® ... ® #(t> ® Gf®A® A p+1 
By applying idy^ ® £ ® we obtain 

(idiv <H> e <E> id p ^ rl )(g(v ® ab)) = 
e(g(v ® 6)°)^v(v ® 6) ® aiflf(v ® 6) 1 ® ... ® a P+ i#(t> ® 

that is 

/(u <g> ab) = a if( v ® & )° ® «2/(u ® &) 1 ® ••• ® a p+ if(v <g> 6) p 
which means that d^ p (f) = 0, q.e.d. 

Suppose that the bialgebra A has a skew antipode. In this case, it is very 
well-known that any left-right Hopf module over A is of the form M = V ® A, 
for some A;-linear space V (see, for instance, fTj, p. 16). Hence we have obtained 
the following 

Proposition 6 If A is a bialgebra with a skew antipode (for example, a Hopf 
algebra with bijective antipode) then for any left-right Hopf modules M and N 
over A and for any natural number n > 1 we have H n (M, N) = 0. 
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Let us introduce some notation. If A is a bialgebra, we denote by mod — 
A the category of right A-modules, by A — comod the category of left A- 
comodules, by A\ r the category whose objects are fc-linear spaces M which are 
bimodules, left-right Hopf modules and right-right Hopf modules over A, by 
A l [ the category whose objects are fc-linear spaces M which are bicomodules, 
left-left Hopf modules and left-right Hopf modules over A, and finally by A\ r r 
the category of Hopf bimodules (or two-sided two-cosided Hopf modules in the 



terminology of |T2[) over A. We shall see now how the above double complex 
{C n,p } yields very naturally some cohomology theories for the categories A r lrl 
A l {sm&A l [ r . 

Let M, N G A\ r and n, p some natural numbers. Then A n ® M becomes a 
right A-module with structure 

(a 1 <g ... <g a n <g m) ■ b = a 1 <g> ... <g> a n <g> m ■ b 

and N ® A p becomes a right A-module with structure 

(x <g a 1 <g ... <g a p ) ■ b = ^x ■ h <g a 1 b 2 <g ... (g a p 6 p+ i 

Now, if we define R n ' p (M, N) = Hom mod _ A (A n ® M,N ® A p ), then one can 
check, by a direct computation, that d^f(R n ' p (M, N)) C R n+1 > P (M,N) and 
d^ p (R n 'P(M,N)) C R n > p+1 (M,N), so that (R n ' p (M, N), d^ p , d n c ' p ) is a double 
complex, giving a cohomology theory for objects in yl[ r . 

Similarly, if M, iV G Aj r and n,p are natural numbers, then A n ®M becomes 
a left A-comodule, with structure 

A n ® M ^ A® A n ® M 

a 1 ®...®(i n 8mH ^(a 1 )i...(a n )im ( _i ) <g (a v ) 2 ® ... <8> (a n ) 2 <8> m( ) 

where we denoted by m w ^ m (-i) ® m (o) the left A-comodule structure of 
M, and iV8^ p becomes a left A-comodule, with structure 

N®A P ^A®N®A P 

i®a 1 ®..Ja !, H y^Z(-i) (g X( ) (g a 1 (g ... (g a p 

If we denote by L n > p (M,N) = Hom A - comod (A n ® M,N ® then one can 
check also by a direct computation that d^ p (L n ' p (M, N)) C L n+1 ' P (M, N) and 
d«.P(L^(M,A^)) C L n ' p+1 (M,iV), so that (L n ' p (M, N), d^f, d n c ,v ) is a double 
complex, yielding a cohomology theory for objects in ^4| r . 

Finally, if M, N G then on A n (g M and iV <g> A p we can introduce all 
the above right A-module and left A-comodule structures, so if we denote by 

T n ' p {M, N) = Hom^ c °™ d {A n ®M,N® A p ) 
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then d% p (T n > p (M,N)) C T n+1,P (M, AT) and d™' p (T n ' p (M, N)) C T n > p+1 (M, iV), 
hence (T n,p (M, N),d'^f,d^ ,p ) is a double complex, which yields a cohomology 
theory for Hopf bimodules. Note that {T n ' p (M, iV)} is a sort of "mirror" 
version of the double complex for Hopf bimodules introduced by R. Taillefer 
in It is likely that the cohomologies given by these double complexes are 
isomorphic, at least when A is a finite dimensional Hopf algebra. 
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